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Papers [1, 2] are used as the basis for the formulation of a boundary value
problem of the theory of creep for a nonuniformly aging body, with the ele-
ments of varying ages accumulating on the body in a continuous or discre-
te manner, The initial equations are given and conditions formulated which
determine the solution of the boundary value problem of the theory of creep
for such bodies, The characteristic feature of these bodies is, that in the
course of accumulation not only their form, surface and volume forces and
the boundary conditions change, but also their physical and mechanical
properties with respect to time and the coordimates,

This is due to the fact that the aging process in these bodies does not foll-
ow the same course in all their elements, Such phenomena take place du~
ring a consecutive erection and loading of engineering structures, in the
crystal growing processes, during the phase transitions in viscoelastic bo-
dies, etc,

The basic papers dealing with solutions of the problems of accretion using
the methods of the theory of elasticity are given in [3], The theory of ela-
stic body with creep is used in [4] to study the stress-strain state in homo~
geneous bodies with accretion, A more general formulation is used for the
same problem in [5].

1 Formulation of the problem and the derivation of the so-

lution equations for the case of discrete accumulation on non~-

uniformly aging bodies, Let 4 isotropic bodies be given occupying the
regions QO (i == 1, 2,. .., k), The material of these bodies has the property of
aging as well as of creep, It is known that the bodies are produced at the instants of ti-
me 7T;* and loaded at the instants of time v,° ({ = 1,2,. .., k), We further assume
that at a certain instant f;; the body Q) is joined to the body Q2 along a certain
surfaces S;;. Since some of the bodies may remain disjoined, ?;; can be specified for
only certain values of i and j .We shall arrange the set of values of ¥;; in increasing
order, denoting the terms of the new sequence by tm (m =1, 2, 3,. . ., M), 1t is
not assumed here that all regions Q9 have been specified prior to the first instance of
joining these bodies. It is only necessary to assume that g, i> fc;" and ¢ > ;%

Let us denote by Q () the region occupied by the union of the regions Q)
of bodies produced up to the instant £, i,e,
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Q) = |J QW (LD

1

for i such that ©;* < t.

Thus the region Q (¢) changes at the instants of time ¢ = T;*, i.e. when the
next body in turn is produced, and at the instant of time ¢t = ¢;; = ¢,,, i.e. when
the bodies merge, The surface of contact S;j is assumed to be stress-free up to the
instant of merger

o, (@, 1)y =0, re Sy (1.2)

where @, (r, t) is the stress vector at the surface element with outer normal n.
We denote the components of the displacement vectors, deformation and stress
tensors in the body Q) up to the instant of merger and after the merger, by u,»,
eap), 0,09 and w,, €., 0,3, respectively, The Cauchy equations, the quasi-sta-
tic equilibrium equations and the boundary conditions for the stresses and displacements
up to the instant of merger, namely, when 7,* < ¢t << t;; (i, j =1, 2,. . ., k),
will have the usual form for any body occupying the region €29, The equations of
state for the nonuniformly aging bodies occupying, prior to the merger, the regions
Q) and loaded at the instants of time 7,° can be written, in accordance with
[1,2], in the form

. . S)
e (r,1) = ey (r,0) + (1 +v) [(1 4 LY ;".] _ (1.3)
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Here v is the Poisson's ratio Oap is the Kronecker delta, &€ 2D denote the forced
deformations and E (¢ — T;*), P(t — ©;*, T — v%), R (t — w;*, T — ;%)
are, respectively, the modulus of instantaneous elastic deformation, the creep kernel
and the relaxation kemel of the material of the body occupying the region Q(9 and
produced at the instant of time T;*.
The fundamental condition conceming the merger of the body is, that no disconti-
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nuities will appear in the displacements arising in the body during the interval of time
between two consecutive mergers, and in the stress vector ¢, at the contact surface,

The requirement of continuity of the displacement ensures that no cracks appear
between the merging bodies and no slippage takes place along the boundary surface,
This can be expressed in mathematical terms as follows, The displacements u, (r, #)
of the points of the body occupying the region £ (1) represent, at fn << << fmat
the sum of the displacements y, (r, t,) at the instant ¢ = f,n (in general, these
displacements will have undergone jumps at the surface of contact at the instants of
time %1, %5. .., fm) and of the displacement increments Ay, (r, ) satisfy-
ing the condition of continuity in the region Q (1) for £, << << tmu

o (¥, 8) = ta (s t) + A ug (r,0) (L4

Let us write a system of equation defining a solution of the boundary value problem
for the region (1), i.e. for the region embracing m nonuniformly aging bodies
undergoing consecutive incremental growth, The equation connecting the deformations
and the displacements after the merger , namely when &y << £ << tpa is, in accor-
dance with (1.4),

£ap () 1) = €ap (T, L) 4 Yo [A™ ug g (v, 8) + A™ug o (1, 1)] (1.5)

where A(™u, denote the displacement increments satisfying the conditions of conti-
nuity in the region Q (#) for Zm <C < lm:n1 and determined together with the
remaining unknown functions of the problem in question,

Let us denote the boundary of € () by S (t), and let this boundary consist of
five segments

S =8, OUS (U S2)U Sa(® S (0)

The segment S, (f) is stress-free and represents the surface on which the consecutive

accretion will take place, The stresses F (r, £) = {F. (r, )} are specified on S; (¥},
the displacements V (r, £) = {V.(r,#)} on S, (%), the normal displacements V,, (r,

t) and the tangential stress vector F. (r, f) on S, (f) , the stresses F, (r, ?)
and the tangential displacement vector V. (r, t) on Sy (f) . In the region Q (1) we
have the volume forces f (r, t) = {f {r, £)}} and the forced deformations &,5° (r, ).
Then the equations of quasi-static equilibrium and the boundary conditions for the stre-
sses and displacements written for the instant £,,, < ¢ <T fpns1y will have the form

Gop, 8(r,8) + fa(r, 6} =0, rEQ({)

o (r, ) =0, reS() (1.6)
Cn (I‘, t) = F(ra t)a re Si (r)
u(r,t) =V, t), reS:() (1.7

Un (r, ) =V, (x, 1), o:(r,t)=F(r,t), r&Ss(?)
O (1, t) = F, (r,f), u(r,t)=V(r,t), r&58:()

Let us introduce the function y (r) = 1,° for r & QO and » (r) = g;* for
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r & Q. Then the equation of state of the theory of creep connecting the tensors
e.p (r, 1) and g,p (r, t) will have the form

ap (1, ) = (1 W) [T + L1 (28) — Vo U + LI(322) +emp 1) (9

LEZ O LT+ N) eap — ea0) +

6(7.3 = 2V (I + N) (833 Sssﬂ) }

o B _ GGB (r, f)
I(’E“) T TEp—x@i

Ogf (I‘, t) =

( ) S £ liﬁ “‘:()m P [t —n(r), T —x(r)]dv
Hr)
1
N((p) = S R[t——-%(l‘),‘r-——M(r)lcp(r,.c)dr
()

We note that R [t — % (r), T — % (r)] is a resolvent of the creep kemel P [t —
% (r), T — % (r)} and represents the relaxation kemel of the material of the body,

The system of equation consisting of (1, 5), the first equation of (1, 6) and the first
equation of (1, 8) with the boundary conditions (1, 7), represents a closed system which
determines the solution of the boundary value problem of the theory of creep for nonuni-
formly aging bodies undergoing incremental growth,

It should be noted that when the body forces /x are bounded in the neighborhood
of the surface of merger S;; with the normal n , the equations of equilibrium (1, 6)
yield the conditions of continuity on §;; of the normal G, = Oapa”p and tangential

0. == G, — 0,0 components of the stress tensor, However, since the remaining
components of the stress tensor 02f may, generally speaking, suffer discontinuities
at the merger surfaces, the derivatives in the equations of equilibrium (1. 6) must be
interpreted in the generalized, instead of the usual sense,

Moreover, since the boundary value problem under consideration is geometrically
linear and the conditions of continuity of the displacement increments Ay, (r, )
hold on the surface of merger S in accordance with (1,4) and (1, 5), therefore the
solution obtained must satisfy, at each point r of the surface S;; , the conditions
of continuity of the displacement component normal to the surface S;;, and of the
deformation tensor components defining the elongation and shear in the plane tangent
to this surface at any point r ,

Thus the solution of the boundary value problem formulated here will automatica=
1ly satisfy the usual conditions of continuity of the displacements, deformations and
stresses at the boundary surface between the component bodies [6], The jumps in the
values of components of the stress field at the surface S;; can be determined by so-
lving the boundary value problem consisting of Eq. (1.5), the first equation of (1.6)
and conditions (1, 7),
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2, Statement of the problem and initial equations of the
theory of creep for nonuniformly aging bodies undergoing conti-
nuous accretion, Leta nonuniformly aging body the matrial of which exhibits
the property of creep, occupy the region Q% We know that the body is constructed
at the instant of time %o and loaded at the instant T, > f,. Further, from some in~
stant of time ¢* ~> 1, onwards, the body undergoes a continuous accumulation of
elements of varying ages,

We denote by € (f) the region occupied by the growing body at the time ¢ > t*
so that Q (#*) = Qand Q (¢;) C Q (f,) if ¢; << fh. We denote the boundary of

Q* by S* and the boundary of Q (£) by S (£). To simplify the notation, we
define additionally 2 (¢) and S () at ¢ < t* asfollows: Q (f) = Q*; S (f) =
S* when #, < ¢ < t*. We denote by T1™ (r) the instant of preparation of the
accumulated element near the point T = {Z, Z, Z3} so that T,* (r) = ¢, when

r & Q% Then the equation of state for any point of the accumulated element
will be

ap (1 1) = (L4 V) (1 4 L) (28 3 (T + 1) (58 ) +ea (00) (221

where [ is an identity operator defined in (1, 8) and the operator L is given by the
formula

t
g B _ OaB(P,T) 2-2
L(J8)= | e D Pl — w0t -l (2D

The relation connecting the deformation tensor e, with the stress tensor Oap
can be written in a different form. To do this we denote by 7Ty (r) the age of the
material of the element situated near the point r == {z,, Z,, Zg} at the instant of
observation . Obviously

T (r) =t — T,* (1) (2.3)

T°(r) = To — T,*(r) where 7,°(r) is the age of the matenal at the instant T,
of its loading,’

Using the relation (2.3) and performing the change of variable § =T — 7,* (r)
we can write the operator L (0.s/E) in the form

L

Thus the equation of state (2, 1) includes, in the case of (2,4), the age of the material
T, (¥).
Let us now turn our attention to the equation connecting the deformations and
displacements in the body undergoing an accumulation, We derive these equations
by approximating the process of continuous accumulation with help of the discrete
accumulation and passing to the limit as the length of the longest time interval tends

Tir)
o Tgp (54 T2 (1)) (2.4)
/?ﬁ>: | oy PinmEE
1°(r)
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to zero, Let Af denote a short time interval, Setting #,, = t* -+ (m—1)-At (m=

1, 2,...) weintroduce the incremental region AQ= Q (tm41 / Q (¢m)). Then
the process of discrete accumulation can be described in the following manner,
When ¢ & [£, %), the body occupies the initial region Q* = Q (¢,) = Q (¢¥)
and is deformed by the forces defined in the region Q (#;) and on its surface S ().
At the instant £, the region AS);, comes into existence and merges, at the same
instant ¢, , with € (#,) so that a new body forms occupying the region Q (¢,) =

Q (¢,) | AQ,. Continuing this process we find that the body remains unchanged
over the interval [£,,, m+1)and occupies the region Q (£,). At the instant £,.1 a re-
gion AQ,, comes into existence and at once merges with the body occupying the re-
gion Q () forming a new body occupying the region Q (2,41) = Q (¢£,) U AR,

Returning now to the equations (1, 4) and (1, 5) connecting the deformations and

displacements during the discrete accumulation, we note that the displacements and
deformations in the region Q (¢,,) will be connected when ¢ = [¢,,, ¢,+1) by the
following relations;

Ug, ([', t) = Ugq (I', tm) + Au(l (l', t)? I‘E Q (tm)
€qB (I‘, t) = Eqgp (l‘, tm) + 1/2 [Auu, B (l', t) + Auﬁ, a (l‘, t)]

where the displacement increment Au, (r, ¢) satisfies the conditions of continuity in
the region Q (¢,,)-
From (2, 5) we obviously have

(2.9)

. u (rvt)-“u (l',t ) Au (r’ t)
llm i i m = lim ._El_— —u M r.t
Al—0 At Al At a( ’ )
. g o(r,t)—e , b
8(1[3 (r7 t) - llm aﬁ( ) A GB (r 'n) e
At—0 ¢
i lim [ Aug g (v, 1) Aug o (r, 1) "
2 At=o At Al
and the latter gives
eap (X, 1) = /5 [uq, p(r,2) -+ up, o (r, 1)) (2.6)
. dug (r, 1) . 630.]3 (ryt) 2,17
U (1, t) = —5—,  &ap(r,t) = ——— (2.7

Thus at any instant of time ¢ the rates of deformation of a nonuniformly aging elastic
body with creep undergoing a continuous accumulation, are connected with the displa-
cement rates by the Cauchy relation (2, 6).

The equations of quasi-static equilibrium of the body with accumulation occupy-
ing the region Q (¢) and the boundary conditions at its surface S (¢} , will have the
usual form

Oag, p(H) +fa(®) =0, r&Q() (2.8)
Oaplip = Fo(t), r=Sr(t); ud=Va(), reSv(t) (2.9)

where Sr (£) and Sv (f) are the respective segments of the surface S(¢) on which
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the stresses and deformations are specified, Generally, they vary with time,

Equations (2, 1), the first equation of (2, 5), (2.8) and the boundary conditions
(2.9), together form a complete system which defines the solution of the boundary
value problem for a nonuniformly aging body with creep undergoing a continuous accu-
mulation,

It is interesting to note that we can illustrate the theory of creep developed above
for a body with accumulation, by considering a boundary value problem of the theory
of viscoelasticity for the bodies the boundary surfaces of which vary with time as the
result of the phase transformations [7],
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